Abstract. In this paper we obtain the rates of convergence of the algorithms given in [13] and [14] for an automatic computation of the centered Hausdorff and packing measures of a totally disconnected self-similar set. We evaluate these rates empirically through the numerical analysis of three standard classes of self-similar sets, namely, the families of Cantor type sets in the real line and the plane and the class of Sierpinski gaskets. For these three classes and for small contraction ratios, sharp bounds for the exact values of the corresponding measures are obtained and it is shown how these bounds automatically yield estimates of the corresponding measures, accurate in some cases to as many as 14 decimal places. In particular, the algorithms accurately recover the exact values of the measures in all cases in which these values are known by geometrical arguments. Positive results, which confirm some conjectural values given in [13] and [14] for the measures, are also obtained for an intermediate range of larger contraction ratios. We give an argument showing that, for this range of contraction ratios, the problem is inherently computational in the sense that any theoretical proof, such as those mentioned above, might be impossible, so that in these cases, our method is the only available approach. For contraction ratios close to those of the connected case our computational method becomes intractably time consuming, so the computation of the exact values of the packing and centered Hausdorff measures in the general case, with the open set condition, remains a challenging problem.
Introduction
The present paper is part of a program aimed at finding a method for the automatic computation of metric measures, such as the packing or Hausdorff measure, of a given fractal set. In particular, we obtain the rates of convergence of the algorithms given in [13] and [14] for computing the centered Hausdorff and packing measures, respectively, of a totally disconnected self-similar set. It is important to note that, although the convergence of these algorithms was shown in [13] and [14] without establishing their rates of convergence, the outputs of the algorithms were still useful for obtaining conjectural values of the measures. Using results presented in this note we can prove these conjectures (see Sections 2.3 and 3.3) .
Recall that a totally disconnected self-similar set associated to a system Ψ = {f 1, f 2,..., f m } of contracting similitudes of R n is a compact non-empty set E ⊂ R n such that E = m i=1 f i (E) and satisfying (1) f i (E) ∩ f j (E) = ∅ ∀ i = j, i, j ∈ {1, . . . , m} =: M.
The last condition implies the Open Set Condition (OSC, see [9] ), and it is known as the Strong Separation Condition (SSC). Throughout the paper we assume the system Ψ satisfies the SSC and write (2) c := min i,j∈M i =j
where d inf (f i (E), f j (E)) is the distance between f i (E) and f j (E). The similarity ratio of f i ∈ Ψ is denoted by r i ∈ (0, 1), and we write Both algorithms are based on the self-similar tiling principle stated in [17] for self-similar sets satisfying the OSC. In [17] it was shown that if B is any closed subset (or tile) of a self-similar set E such that µ(B) > 0, where µ is the invariant measure (see (8) ), then E can be tiled, without any loss of µ-measure, by a countable collection of tiles that are images of B under similitudes. Recall from [9] that, for selfsimilar sets satisfying the OSC, the measure µ is a multiple of any scaling measure, and in particular of the packing, Hausdorff, or centered Hausdorff measure.
Taking an appropriate initial tile B (one with minimal spherical density in the case of the packing measure, and with maximal spherical density in the case of the Hausdorff measure; see Remark 4) we obtain both an optimal packing or covering [11] , and the exact value of the corresponding measure. Our method requires a particular form of the separation condition, the SSC, in order to make the computation of the metric measures feasible (see Section 4 for a discussion of the computability of metric measures satisfying the OSC).
Metric measures suitable for studying the size of sets of Lebesgue measure zero in R n , such as the Hausdorff, packing, and centered Hausdorff measure (H s , P s , and C s , respectively) have been studied intensively in recent years. However, the challenging problem of finding systematic methods for computing the values of these measures for a general fractal set remains open. Much effort has been made in this direction, and exact values and bounds for the measures of some fractal sets are known already (see [1] - [10] , [11] - [14] , [16] , [17] , [21] , [25] , and the references therein).
In this direction, the algorithms presented in [13] and [14] can be seen as the first steps towards the systematic computation of the centered Hausdorff and packing measures of a self-similar set. These algorithms yield estimates of the corresponding measures for a wide class of self-similar sets, taking as input the list of contracting similitudes associated with the given set. It is important to note that in some cases, such as for the class of Sierpinski gaskets with dimension less than or equal to one, the packing measure algorithm has been useful not only for estimating the value of P s on each particular set in the class, but also for finding a formula for the packing measure of an arbitrary member of the class. As shown in [14, Theorem 2] , the information provided by the algorithm can then be used to prove the formula. However, in many other cases, such as for some plane self-similar sets of dimension greater than one, the absence of the corresponding formula means that it is desirable to know the accuracy of the numerical results obtained from the algorithms. In [13] the centered Hausdorff measure algorithm was implemented for some sets whose centered Hausdorff measures were available in the literature and some other sets whose centered Hausdorff measures were still unknown. It is remarkable that, in the first case, the optimal values were attained at early iterations and, in the second case, the algorithm yielded conjectural values that could be proved with the methods developed in [14] . However, the rate of convergence of neither algorithm was known. This is the problem we solve in this paper and the content of the next two main theorems. Theorem 1. Suppose that the system Ψ = {f 1 , . . . , f m } satisfies the SSC. Then, for every k ∈ N + such that c − 3Rr k max − 2Rr k+1 max > 0 and everyM k as in (18) there holds (4)
where
max , and
Theorem 2. Suppose that the system Ψ = {f 1 , . . . , f m } satisfies the SSC. Then, for every k ∈ N + and everym k given by (39), there holds
Here, dim H (E) and R stand for the Hausdorff dimension and the diameter of the self-similar set E. As discussed in Sections 2.3 and 3.3, one of the most important features of Theorems 1 and 2 is that they provide sharp bounds for the exact values of the corresponding measures. Moreover, these bounds yield automatically estimates of the corresponding measures, accurate in some cases to as many as 14 decimal places. In the difficult case of self-similar sets having dimensions greater than one, for which less is known, we give examples with five decimal place accuracy. For instance, applying Theorem 1 to the family of Sierpinski gaskets {S r } with dim H (S r ) = − log 3 log r (see (26) for a definition), yields P s (S 0.37 ) 3.8728 (see Table 3 ) and P s (S 0.42 ) 3.62. We also get P s (K . To our knowledge none of these estimates were previously known.
However, the most important consequence of the combination of Theorems 1 and 2 with the algorithms given in [13] and [14] is that it automatically provides an approximation to the value of the measure of any self-similar set satisfying the SSC. We remark that the precision of the results depends on the size of the contraction ratios. Namely, the accuracy achieved improves as the contraction ratios decrease (see [13] , [14] and Section 4 below for a detailed discussion). In particular, the examples given in Sections 2.3 and 3.3 show that the algorithms accurately recover the known values of these measures for sets with dimension less than one. Moreover, the results presented in this article serve to rule out certain potential formulas for some classes of self-similar sets.
The paper is divided into two main sections, one devoted to the packing measure and the other to the centered Hausdorff measure. In each case, we first recall the relevant algorithm from [13] or [14] , although in the case of the centered Hausdorff measure we give some improvements to the algorithm. This is done in Sections 2.1 and 3.1. Then, we prove Theorems 1 and 2 at the ends of Sections 2.2 and 3.2, respectively. It is remarkable that these proofs do not use the convergence of the corresponding algorithms, so the present note provides shorter alternative proofs of their convergence. Finally, Sections 2.3 and 3.3 are devoted to analyzing the results obtained by applying Theorems 1 and 2 to the examples given in [13] and [14] . These numerical experiments have a twofold purpose. On the one hand they illustrate the theoretical results, showing how the algorithms perform in practice. On the other hand they offer quite complete information, previously unavailable in the literature, on the exact values of the packing and centered Hausdorff measures of the self-similar sets in three of the most classic families of self-similar sets, namely, the central Cantor sets in the line, the Sierpinski gaskets, and the Cantor sets in the unit square. Finally, in Section 4 we discuss the computability of metric measures on self-similar sets in view of the results obtained in this paper.
Notational Convention 3.
We denote the open and closed ball with center x and radius r by B(x, d) = {y ∈ R n : |x − y| < d} andB(x, d) = {y ∈ R n : |x − y| ≤ d}, respectively. We use the notation ∂B(x, d) for the boundary of B(x, d). Given A ⊂ R n , we write |A| for the diameter of A and A c = {x ∈ R n : x / ∈ A} for the complement of A.
We write s for the similarity dimension of E, i.e., the unique solution s of m i=1 r s i = 1. Sometimes we will refer to s as the Hausdorff dimension, dim H (E), of E, since the similarity and Hausdorff dimension coincide when E is a totally disconnected self-similar set, as in the present note.
For the code space we use the following notation. Let M := {1, . . . , m} and
, and refer to the sets
as the cylinder sets of generation k. In particular, the sets E i = f i (E), i ∈ M , are called basic cylinder sets.
We denote by µ the natural probability measure, or normalized Hausdorff measure, defined on the ring of cylinder sets by
and then extended to Borel subsets of E (see [9] ).
Remark 4.
With the above notation, the idea underlying the estimation of P s (E) and C s (E) can be summarized as follows: Find the minimum and the maximum of the spherical densities µ(B(x,r)) (2r) s on suitable families of balls. The inverse of the minimum is the desired estimate for P s (E) and the inverse of the maximum is that for C s (E). Furthermore, these estimates give valuable additional information about the behavior of µ. For, if we let
be the full range of limiting values of the spherical densities of µ on balls, then the interval
] is the minimal interval that contains Spec or spectral range of the density of µ (see [12] and [17] ).
Packing measure
The packing measure of a compact set A with finite packing premeasure can be defined by
is a set function nondecreasing with respect to δ and the supremum is taken over all countable collections of disjoint Euclidean balls centered in A and having diameters smaller than δ (see [7] ). Recall that, as explained in [19] - [23] , a two-stage definition is needed for general Euclidean sets. In the specific case of self-similar sets much effort has been made to find a simplified definition of P s suitable for computation. In [17] it was shown how the above one-stage definition allows a characterization of P s in terms of density functions which later facilitated tackling the computability problem algorithmically (see [11] and [24] ). Next, we see that this characterization is also central for proving the rate of convergence of the packing measure algorithm given by Theorem 1.
2.1.
Previous results: Packing measure algorithm. We begin with the following formula for the packing measure used in [14] as a starting point for the construction of an efficient algorithm. For a self-similar set E satisfying the SSC,
. In [14, Theorem 1] , there was proved the more general characterization of P s (E) as
where a ∈ (0, (9) is to increase the efficiency of the algorithm by both reducing the cardinality of the set of balls on which the maximum is to be computed and increasing the radii of these balls. However, for convenience, in the proof of Theorem 1 we shall use (11) in the form
where b ∈ (0, c].
Next, we recall the algorithm developed in [14] for computing the value of P s (E) via approximations of the maximal value of h(x, d).
Algorithm 5 (Packing measure algorithm). Input of the Algorithm: The system, Ψ, of contracting similitudes and k max , the iteration on which the algorithm's run was stopped.
Let k ≤ k max such that c − 2Rr Notational Convention 6. For every x ∈ A k we denote by i
(2) Generation of the list of distances.
This step consists in computing the set
Hence, the computation of the set ∆ k−1 of distances should be avoided in the construction of ∆ k . Therefore, we shall calculate only those distances dist(x, y) ∈ ∆ k where i
Henceforth, we assign the code (i
is a discrete probability measure supported on the m k points of
Given x ∈ A k : 4.1 Rank in increasing order the distances d ∈ ∆ k containing the letter i 
Let
, where x q ∈ A k is the point chosen for calculating the distance d
In the particular case when r i = r for all i ∈ M , (16) simplifies to 
Take the maximum
Observe that, for some (
In what follows we use the following notation. We denote by D x k the set of distances selected in steps 4.1 and 4.2, and we let
It is important to note that the balls admissible in the algorithm have radii in the interval [c − 2Rr
] (see (9) ). This containment helps in comparing the densities giving the packing measure with those computed by the algorithm (see Section 2.2).
2.2.
Rate of convergence for the packing measure algorithm. This section is devoted to proving Theorem 1. One of the difficulties one needs to overcome to show the rate of convergence (4) is to obtain a comparison between the measures µ and µ k of a given ball (see (8) and (15)). Note that to obtain a bound for |P s (E) −M k | we need to compare the densities h(x, d) given in (12) with those given in (19) . The following lemmas show that it is possible to construct the approximating balls needed for such a comparison. 
Lemma 8. For every
Then, y ∈ L and the triangle inequality together with (i) imply 
which concludes the proof of (iii).
. Then, by the triangle inequality,
Remark 10.
(
In the proof of Theorem 1 we shall use the following result from [14] : Given a ∈ (0, c r min ] and
Now we are ready to prove our main result.
Proof of Theorem 1. We divide the proof into two cases:
(see (11)). By (22) we know that ∂B(x,d) ∩ E = ∅, so we can apply Lemma 8 with (x, d) = (x,d) and
]. It is then clear, by (20) that 0 < d ∈ D x k , and hence B(x , d ) is an admissible ball for the algorithm. This, together with (19) , (21) , (23), (iii) of Lemma 8, and the mean value theorem, gives
where Q is as in (5) . Now, suppose that
]. Therefore, by (12) , with b = c − 3Rr
All this, together with the mean value theorem, gives
where Q is as in (5). This concludes the proof of the theorem.
2.3.
Examples. Algorithm 5 was tested in [14] with various different classes of self-similar sets, including those previously studied in the literature for which the value of the packing measure was known. Next, we are going to analyze these same classes utilizing the point of view provided by Theorem 1. This allows, on the one hand, to obtain automatically estimates for the results conjectured in [14] and, on the other hand, to test the effectiveness of the algorithm when the exact value of the packing measure is known. Moreover, we study some self-similar sets E for which, although the value of P s (E) is unknown, a conjecture can be made. In these cases, the algorithm's output provides, for every k ≤ k max , an estimateM k of the value of P s (E) and 100% confidence intervals Theorem 1 ). This fact allows us to reject the hypothesis α = P s (E) when α / ∈ I k . If α ∈ I k , then the hypothesis cannot be ruled out as |P s (E) − α| ≤ 2ε k is guaranteed. Here k max denotes the iteration on which the algorithm's run was stopped.
The results presented in Tables (1) , (2), (3), and (4), include, for completeness, the values of the constants s, q kmax , Q, and ε kmax involved in Theorem 1. We note that, although all the computations have been made using double precision arithmetic, the number of decimal places displayed for the values of Q, ε kmax , andM kmax has been reduced in order to simplify the presentation An interesting feature of the algorithm is that in some cases the output stabilizes at an early iteration. The parameter k stb has been included in the tables to indicate the iteration at which the algorithm output stabilizes in the sense that, for all k ∈ [k stb , k max ] ∩ N + , there holdsM k =M k stb , after rounding to 14 decimal places.
The computer codes were written in Fortran 90. They were run on the HPC of the Complutense University of Madrid (see www.campusmoncloa.es/es/infraestructuras/eolo for technical description).
(1) Cantor sets in the real line Let C r be the linear Cantor set obtained as the attractor of the iterated function system
We know by [6] that, for all r ∈ (0, where s = − log 2 log r is the similarity dimension of C r . Moreover, Algorithm 5 was implemented in [14] for the family C r , yielding outputs that coincide with the corresponding values given by (25) (seeM 20 in Table 1 ). We applied (4) to the class C r in order to check the effectiveness of the bounds given by Theorem 1. The results for the final iteration k max = 20 of the algorithm are presented in Table 1 .
Observe that for these examples the accuracies of the values of P s (C r ) vary from ten to four decimal places (in the worse case):
(2) Sierpinski gaskets Let S r be the self-similar set associated to the system Ψ = {f 1, f 2, f 3 } where
for r ∈ (0, 1) and x ∈ R 2 . If r ∈ (0, 1 2 ), then S r is a Sierpinski gasket of similarity dimension s = − log 3 log r satisfying the SSC. By [14] we know that, for all r ∈ (0, The results presented in Table 2 show that Theorem 1 in combination with Algorithm 5 provides quite complete information on the packing measure of the family {S r } r∈(0, ) : When r ∈ (0, 1 3 ], Algorithm 5 recovers the value of P s (S r ), and when r > , Theorem 1 provides an approximate value for P s (S r ). In order to analyze the behavior of the family S r with respect to (27) , Table 2 is divided into three cases: r ≤ 1/3, where (27) holds; r > 1 3 and g 1 (r) ∈ I kmax , where the supposition (27) cannot be rejected as |P s (E) − g 1 (r)| ≤ 2ε kmax is guaranteed; and r satisfying g 1 (r) / ∈ I kmax , where (27) can be ruled out. For completeness, Table 2 includes the values of g 1 (r) as well. , 0.365). In particular, when the value of r is one of 0.335, 0.36, 0.365, 0.37, and 0.385, the algorithm output approximates the value of g 1 (r) to 14, 15, 5, 4, and 3 decimal place accuracy, respectively. However, this is not the case for large r, as for r equal to 0.39 or 0.42, we have that g 1 (r) / ∈ I k (see (28), (29) and the values of g 1 (0.39) and g 1 (0.42) in Table 2 ). Table 3 . CPU times for S 0.37
Remark 11. Note that to improve the results for larger r, a larger value of k max would be required. However, it is necessary to maintain an equilibrium between the gain in accuracy and the computational time required (see Table 3 ). The CPU times included in Table 3 are those that were necessary to obtain the valuesM k for k ≤ k max . Observe that the processing time needed for k max = 15 is significantly bigger than that needed when k max = 13 (see Section 2.4 for further discussion).
Finally, Figure 1 displays the values ofM
The graphic shows the shape of the curve givingM k as a function of r, how the lengths of I k increase with r, and also the differences betweenM k and g 1 (r) as functions of r. It also proves that g 1 (r) is a lower bound for P s (S r ). This graph provides a computational alternative when the formula g 1 (r) is not applicable. (3) Planar Cantor sets Let K r be the attractor associated with the iterated function system Ψ = {f 1 , f 2 , f 3 , f 4 } where . In [14] it is proved that (31) P s (K r ) = g 2 (r) for every 0 < r ≤ 1 4 , and in [3] the same formula is shown to be true for
. As in the previous example, Table 4 is divided into three cases illustrating the behavior of the family K r with respect to (31). When 0 < r ≤ , in all cases the output coincides at a very early iteration (see k stb in Table 4 ) with the corresponding value given by (31). For
< r ≤ 0.4 we observe that g 2 (r) ∈ I kmax and thus, although (31) is proved only for 0 < r ≤ , this hypothesis cannot be discarded. In these cases we observe a coincidence between the values given byM k and g 2 (r) that varies from 12 to 1 decimal places. This is not the case for r = 0.42, as g 2 (r) / ∈ I k and (31) can be ruled out (see Table 4 and (32)). We can now see the advantage of combining Algorithm 5 and Theorem 1, as we are able to obtain an estimateM k and a 100% confidence interval I k for P s (K r ) regardless of the existence of an exact formula (see the estimates below). These examples also show that g 2 (r) is a lower bound for P s (K r ). The bounds obtained from applying Theorem 1 to the preceding examples are: Table 4 . Planar Cantor sets {K r }
2.4.
Computability of the packing measure: the general case. A general pattern emerges from the above examples. For self-similar sets with small contraction ratios there exists a formula that gives the exact value of the packing measure, and the optimal density is attained for an optimal ball, which can be found by the algorithm. As the contraction ratios increase, these statements cease to be valid. This raises the problem of whether, for a given case, there exists an optimal ball that can be computed in finite time, and for which the exact value of P s (E) can be computed to arbitrary accuracy. We say that a self-similar set with these properties enjoys the finite time computability property.
Several things must happen for the finite time computability property to hold. The optimal ball B * should be centered in one of the clouds A k , and the boundary of the optimal ball should also lie in some A k . If these two conditions hold the optimal ball can be found in finite time, but this does not guarantee that the exact value of P s (E) can be computed in finite time, since the process estimating the exact value of µ(B * ) can be infinite unless B * is a union of a finite number of cylinders of the k 0 th generation for some k 0 , since then µ(B * ) = µ k (B * ) for k ≥ k 0 (Theorem 4.13 in [13] illustrates this point). All these circumstances should be considered as exceptional events, unless there were found some rigorous proof that they must occur. Thus the general case should be considered as noncomputable in finite time.
If the finite time computability property holds in a particular case, a theoretical argument based on geometric properties can give the exact packing measure, but, in the general case, the only approach that can be taken to calculate P s (E) is a computational one. In order to illustrate the general case we present below Table 5 . It records the intermediate results of the algorithm for a unique self-similar set, the Sierpinski gasket S 0.42 .
The columns in this table are: the number k of iterations, the center x and endpoint y of the optimal ball at the kth iteration, the radius d, the estimateM k for P s (S 0.42 ) at the kth iteration, and the interval I k to which we can be sure that P s (S 0.42 ) belongs. For simplicity all the values are rounded to eight decimal places. One can see that, in spite of the stabilization of x, the remaining values change from iterate to iterate until the computational time is too big to continue. Remark 12. The case r = 0.42 is a good example illustrating the frontiers of computability of the packing measure. We needed k max = 15 to obtain only two digits of accuracy in the estimate of P s (S 0.42 ). It is difficult to increase k max because the set A 15 consists of 3 15 = 14348907 data points, and for this value the computation required more than one month of CPU time.
Centered Hausdorff measure
The centered Hausdorff measure is a variant of the Hausdorff measure. The main difference between them is the nature of the coverings used in their definitions. In the case of the centered Hausdorff measure the set of coverings is restricted to closed balls centered at points in the given set (see, e.g. [24] , for the standard definition and properties). However, here, instead of the standard definition of C s we use the following relation proved in [11] for totally disconnected self-similar sets:
(see Section 1 for the notational conventions). This can be improved to
. This is so because, as argued in [11, Remark 6] , any ball B(x, d) with
can be enlarged to a ball B(f Similarly to the packing measure case, (34) allows the construction of an algorithm converging to the value of C s (E) through an approximation of the minimal value ofh(x, d) :
. Observe that we are taking closed balls in the definition ofh(x, d) instead of the open ones used in the packing measure case. Nevertheless, replacing open balls with closed balls in (33) does not make any difference in the limit as, by [15] , we know that µ(∂B(x, d)) = 0. Moreover, using closed balls has proved to be computationally more efficient.
3.1. Previous results: centered Hausdorff measure algorithm. This section describes an improved version of the algorithm developed in [13] for computing the centered Hausdorff measure of totally disconnected self-similar sets. This new version has two novelties. On the one hand, it allows a reduction of the number of calculations needed on each step, making the algorithm faster at the expense of using more memory by caching part of the calculations made in prior iterations instead of recalculating them on each iteration. On the other hand, it uses the more efficient condition (34) in place of (33).
As the structure of Algorithm 13 is very similar to that of the algorithm for the packing measure, we start the description supposing that A k , ∆ k and µ k have already been constructed, so that we can see the differences between the two algorithms.
Algorithm 13 (Centered Hausdorff measure). Input of the Algorithm: The system of contracting similitudes and the iteration k max on which the algorithm's run is stopped.
We begin the description of the algorithm with step 4 as the construction of A k , µ k , and the list of distances is the same as in the packing measure case. Thus, assume steps 1, 2, and 3 are as in Algorithm 5, and let k ∈ N + such that k ≤ k max .
4 Construction ofm k . Given x ∈ A k : 4.1 Rank in increasing order those distances d ∈ ∆ k that contain the letter i x k in their addresses (see (13) for the notation).
Let
x m k be the list of ordered distances and, for every j ∈ {1, . . . , m k }, let t j ∈ N be such that d
. . , j+t j . Observe that, in the particular case when r i = r for all i ∈ M , we have
only for those distances d 
Find the minimumm
of the values computed in step 4.3. 5 Repeat step 4 for each x ∈ A k . 6 Take the minimum
Remark 14.
(1) Note that, by (38), for any
Rate of convergence of the centered Hausdorff measure algorithm . This section is devoted to showing the rate of convergence of Algorithm 13. Since the proof of Theorem 2 does not use the convergence C s (E) = lim k→∞mk , this gives an alternative proof of the convergence of Algorithm 13. As in Section 2.2, we show first that the construction of appropriate approximating balls allows a comparison between the densities given in (34) with those computed by Algorithm 13. The proof of Theorem 2 is postponed to the end of the section.
Proof. Let k ∈ N + and (x, d) ∈ A (see (35) for the notation). Take the unique point x ∈ A k such that
Observe that, by definition of A, there exists j k ∈ M k with j 1 = i
The proof of (ii) follows from the triangle inequality, taking t ∈ L ∩ ∂B(x , d ) and t ∈ E i t k ∩B(x, d): k (B(x, d)) ≤ µ(B(x, d ) ).
which proves (ii). The proof of (i) follows by taking y ∈ L∩∂B(x, d ) and z ∈ E i y k ∩B(x, d) and applying the triangle inequality:
We are now ready to prove our main result for the centered Hausdorff measure.
Proof of Theorem 2. Suppose first thatm
(see (34)) and take (x , d ) ∈ A k ×D x k as in Lemma 15. Then (40), (ii) and (iii) of Lemma 15, (21) , and the mean value theorem implym
where Q is as in (7). Finally, ifm k ≤ C s (E), (40), the mean value theorem, and Lemma 16 with (
where Q is as in (7) and d is given by Lemma 16.
3.3. Examples. As in Section 2.3, we now analyze the examples studied in [13] taking into account Theorem 2. We observe that Theorem 2 gives an automated tool for proving the conjectures on the values of C s given in [13] . Let I k be the closed interval
(1) Cantor type sets in the real line.
) be the family of linear Cantor set defined by (24) . In [26] it is proved that if 0 < r ≤ is the similarity dimension of {C r }. Table 1 records the results obtained from applying Theorem 2 in combination with Algorithm 13 to the family {C r }. As in Section 2.3, the examples are chosen to illustrate the behavior of C s (C r ) with respect to (43). 1.086253162423 19 Table 6 . Linear Cantor sets {C r } As a consequence of these results we obtain the bounds:
The algorithm recovers the value given by (43) in the cases where r ≤ 1/3. To our knowledge, there is no general formula for C s (C r ) when r > 1 3 , but in these cases we obtain estimates of its value to accuracies of 7, 6, and 4 decimal places, namely, C s (C . In fact, g 3 (r) is an upper bound for C s (C r ). (2) Sierpinski gaskets. Let S r be the class of Sierpinski gaskets defined by (26) . The results obtained in [13] for this class of Sierpinski gaskets led to the conjecture (48) C s (S r ) = g 4 (r) for all r < 0.25.
In Table 7 we can see that, even when (48) was conjectured for r < 0.25, the algorithm output approximates the value given by (48) in all the cases where r ≤ 0.277 (with accuracy of more than 12 decimal places). For the cases where r ≥ 0.278 we observe the opposite behavior, g 4 (r) / ∈ I kmax , so (48) cannot hold, and g 4 (r) is an upper bound for C s (S r ). 1.624473448850 > k max Table 7 . Sierpinski gaskets {S r } Next we give the bounds provided by Theorem 2:
) < 1.25201034793035, Observe that the above bounds suffice to prove the conjectural values proposed in [13] . In particular, the bounds obtained for the case C 1 (S 1/3 ) prove the conjecture C 1 (S 1/3 ) 1.543. We would like to clarify that there was a minor error in [13] as, according to the algorithm's output in this case, the correct conjectured value is 1.543 and not 1.537 as was written in [13] . Table 8 shows the outcomes obtained applying Theorem 2 together with Algorithm 13 to the family K r . Observe that the algorithm recovers the value given by (49) when r < r 0 . In the examples in Table 8 where (49) cannot be rejected,m k and g 5 (w) coincide to at least twelve decimal places. For r > 0.17, (49) does not hold true and g 5 (r) is an upper bound for C s (K r ). The bounds provided by Theorem 2 are:
Finally, we remark that the rate of convergence given by Theorem 2 provides an estimate of C s (K r ) for the cases where we do not have a general formula with accuracy that varies from seven decimal places to one decimal places. Actually, in [13] 3.4. The general case. We present below Table 9 in order to illustrate the general case (see Section 2.4) for the centered Hausdorff measure. It gives the results for all iterations in the computation of C s (C 0.45 ) with C 0.45 being the central Cantor set in the line with contraction ratio 0.45. The columns in the table are: the iteration k, the center x and the end point y of the optimal ball, the radius d = |x − y| of the optimal ball, the estimatem k of C s (C 0.45 ) at the kth iteration, and the interval I k to which we can be sure that C s (C 0.45 ) belongs. Again, for simplicity all the values reported in the table are rounded to eight decimal places.
One can see that the values continue changing up to the limit of our computational power. 
Conclusions
Research on the computability of metric measures on self-similar sets started in [17] , ten years ago. The general method for the computation of metric measures was established in that paper, and a discussion on the computability of the existing metric measures was initiated. In the introduction of that paper one can read:
"The exhaustive class of coverings used by this (the Hausdorff) measure gives it a special place as the smallest among all measures based on coverings. The price to be paid for such privilege is that the research on the exact Hausdorff measure of a self-similar set leads, with few exceptions, to the computation of bounds, but the exact Hausdorff measure of a self-similar set will remain unknown for some time."
In regard to the computation of the packing measure, there is written in [17] : "Another consequence of these results is that the packing measure could be easier than the Hausdorff measure from a computational point of view . . . since the search for sets of optimal density is restricted to balls centered at E."
These predictions have been confirmed in the subsequent literature gathered in the bibliographical references below. Some results, already discussed earlier, on the exact packing and centered Hausdorff measures have been obtained using geometric methods, but the list of known results on Hausdorff measure has not grown significantly. The predictions in [17] have also been confirmed by the work on the computability of metric measures reported in [11] , [12] , [13] , [14] , and, in particular, by the results in the present paper, that permit a more detailed discussion of the frontiers of the computability of metric measures. Furthermore, something new can be added to the early expectations: by results in [12] , [13] , and the present paper, the centered Hausdorff measure and the packing measure can be added to the list of "computable" metric measures. This is fortunate, since a covering and a packing based measure are available for computation, at least for self-similar sets satisfying the SSC. As pointed out in Remark 4, this also gives additional valuable information on the spectrum of densities of µ.
The above conclusions motivate a call to revisit well-established folklore on the topic of metric measures. Because of the double step definitions required for the packing and centered Hausdorff measures, it is a common opinion that these measures are too awkward to handle. However, in the setting of self-similar sets satisfying the OSC (and so also the SSC), the second step in the definitions of P s and C s can be omitted (and, in the case of the packing measure, it can be omitted also in the more general setting of compact sets with finite packing measure). As shown in the present paper, one can take advantage of this fact for computational purposes, and it is now clear that the measures P s and C s will play a relevant role in the future, at least in computational issues.
We now discuss the frontiers of the computability of metric measures. At the present, two metric measures, C s and P s , can be computed with the accuracy necessary for potential technical applications only in the case of self-similar sets satisfying the SSC and having small contraction ratios. In these cases, if the contraction ratios are small enough the results in this paper indicate that an optimal ball might exist, and a formula giving the exact value of the corresponding metric measure might be found by theoretical methods. Moreover, our algorithm is an efficient tool for identifying what might be the optimal ball, if the algorithm stabilizes at an early iteration. On the other hand, if the contraction ratios are large, then any attempted theoretical approach could be doomed to failure, since the problem of the calculation of C s and P s is essentially computational. The bounds on the maximum error provided by Theorems 1 and 2 decrease exponentially with the number k of iterations, but the number of calculations grows at a much faster rate when k increases, since the number of feasible balls depends on the square of the number of points in A k , and this in turn grows exponentially with k. In this regard, the reductions, obtained in [13] and [14] , of the families of balls that need to be considered are crucial. However, if the contraction radii increase, two things occur that can render accurate computation of P s and C s impossible. First it is necessary to use smaller balls, since the minimum separation distance c between the basic cylinders decreases, so the number of balls to be explored increases. Second and more important, in order to obtain good estimates of the µ-measure of a ball, it is necessary to go to an iteration k for which the size of the cylinders of the kth generation is small relative to the size of the ball, and for this purpose we have to go to more advanced iterations for balls of small size. On the other hand, if the contraction ratios are large, k must be taken to be still larger, so that the k-cylinders will be sufficiently small. In this case the computability of P s and C s encounters severe obstacles (see Remark 11) . Although the theoretical methods proposed in [17] can, in principle, be applied to self-similar sets satisfying the OSC, these cases are not yet amenable to computation by our method. This is because the OSC can be viewed as a limiting case, with the size of feasible balls going to zero (see [1] for an example in the line with the OSC, where the exploration of arbitrarily small balls must be undertaken in the search for a ball with maximal density) and the argument given above for cases satisfying the SSC and having large contraction ratios applies in an extreme form.
The computation of the spherical Hausdorff measure H s sph could still be feasible for the easier cases of small contraction ratios, but the results will be much poorer than those for P s or C s for increasing contraction ratios, because the class of balls centered at arbitrary points in the ambient space, which is the covering class used in the definition of H s sph , is a much larger class than the covering classes used in the definitions of P s and C s . Moreover, the computation of the Hausdorff measure is still unreachable by the argument given in [17] .
